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tube-generated flow possesses the characteristics of isotropic
turbulence far enough downstream of the tube array as in the
case of concentric porous tube array.l The results are shown
in Fig. 4, with c being the tube spacing. The turbulent energy
in both cases is roughly the same at eight tube spacings from
the tube grid (i.e., x/c~9). The eccentric tube data show that
the turbulent energy decays thereafter as (x/c) ~2 , which is
different from the (x/c) ~L1 dependence observed by
Avidor,1 Gas-El-Hak,3 and Tassa.4 Based on Taylor's
hypothesis of frozen convection, the scale size was computed
from the measured average velocity and autocorrelations
using the relation Lf = u\^R(r)dr. The eccentric porous tube
data show a substantially smaller scale size which increase
approximately as (x/c)0-9, slightly different from the linear
increase observed in the concentric tube-generated flow.
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Numerical Method for Boundary Layers
with Blowing—The Exponential

Box Scheme
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Introduction

NUMERICAL solutions of boundary-layer flows in the
presence of massive injection through a porous surface

are complicated by the multistructure nature of the flowfield.
This Note presents a new numerical scheme based on ex-
ponential difference operator concepts,M combined with
Keller's box scheme approach6 to produce a stable second-
order accurate finite-difference scheme for such convection-
diffusion problems. The technique developed here is
demonstrated through application to the self-similar bound-
ary-layer equations with massive blowing at the surface.

Governing Equations and Solution Method
Attention here is directed toward solution of the Falkner-

Skan equations with blowing given here as
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with

F(0)=0, V(0) = ^l as 17-00

(1)

(2)

where Vw is related to the physical injection velocity, F
represents the normalized longitudinal velocity component,
and 0 the inviscid pressure-gradient parameter.

In the present study, an iterative numerical approach is
used to first write the momentum equation as

where a and b are assumed to be known from a previous
iteration and are given as

a = V/2+^T(V/2)2+l3F, b=V/2-\T(V/'2) 2 + {3F~ (4)

A departure is now made from the classical approach of
solving Eq. (3) using Taylor's series to generate difference
approximations to derivatives over a small grid distance.
Following the lead of Refs. 1-5, the coefficients of Eq. (3) are
first approximated over each small grid distance by constants,
and the resulting equation integrated exactly. The resulting
solution between points 1 and 2 of Fig. 1 is:

where// = —/3/a /Z?/ , and the coefficients a]f bj are evaluated
at the midpoint of the grid indicated. Use of Eq. (5), a similar
expression for F2>3 in the interval between points 2 and 3, and
the two continuity conditions that F2+ ~F2_ and F^2+ = F^2_
produce the difference relation

~ (sj +s2)F2+r2F3 = (r} - (r2 ~s2)f2 (6)

where

(7a)

= [a2(l-t2)-b2]/t2 (7b)

(7C)

Equation (6) is a three-point difference approximation to
Eq. (3) that produces an easily solvable tridiagonal set of
algebraic equations. In addition, it possesses all the favorable
properties of both the exponential and "two-point" or "box"
scheme approaches (Ref. 6). It is found to be diagonally
dominant for ab<0, it is second-order accurate in AT?,
throughout the diffusion region, and most important, it
automatically and smoothly switches to a second-order ac-
curate windward difference scheme as the normal convection
velocity V (as represented by the term a + b) becomes large,
negative or positive.

Fig. 1 Nomenclature and grid
geometry.
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Fig. 3 Momentum balance components.

The companion difference representation of the continuity
equation given in Eq. (1) is obtained by direct substitution of
Eq. (5) and integrating analytically over each cell of the mesh.

Results and Discussion
The present exponential box (EB) scheme has been applied

and verified for a wide range of test cases,7 with only typical
results presented here. Longitudinal velocity profiles are
shown in Fig. 2 for blowing at an axisymmetric stagnation
point (13 = 0.5), where the massive blowing case (Vw = 25) is
similar to the cold-wall case presented by Liu and Chiu.8 The
present case, however, was for an adiabatic wall condition
and was chosen to allow isolated study of the EB scheme for
the momentum and continuity equations alone.

Figure 3 shows the multistructure nature of the flow by
giving the individual component contributions to the
governing momentum balance equation in the critical region
of the flow (45 < 17 <55). Clearly, the flow represents an in-
viscid process below r? = 48, where the normal convection and
pressure gradient effects totally balance one another. Only
above this region does the diffusion effect play a significant
role. With so much of the flow basically inviscid in nature, it
should not be surprising to find that diffusion-type numerical
schemes, such as the classical three-point central difference
scheme, have difficulty representing this flow. Such dif-
ficulties usually manifest themselves in terms of non-
monotonic (jagged) velocity distributions (or local
"wiggles"). This point is discussed further in Ref. 7 with the
conclusion that this difficulty is largely due to a failure of
central difference schemes to adequately model the normal
convection effects. It is verified in Ref. 7 that a "windward"
representation of the convection terms is needed to represent
such flows properly. The exponential box scheme developed
here automatically and smoothly switches from a second-

F(52) 1.0000 -

F(50) 0.9925 -

F(48) 0.9600 -

Fig. 4 Error assessment.

order accurate diffusion-type scheme in diffusion regions
(77 >48) to a second-rder accurate windward scheme in normal
convection-dominated regions (r?<48), thus encountering no
numerical difficulties or "instabilities" even for a constant
grid mesh as per Ref. 8. The accuracy and reliability of the
current approach is attested to in Fig. 4, where the results of a
typical step size study is shown for three points in the critical
region of the flowfield, 45 <77 < 55. Here the EB scheme is
seen to maintain second-order accuracy (i.e., produce a
straight-line variation with Ar;2) for a uniform step size Ar? as
large as two, while a central difference scheme (CD) rapidly
loses its second-order nature. Reference 7 presents a more
detailed comparison and shows the current approach to be
superior to four other difference methods as well.
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Aerodynamics of Slender Lifting
Surface in Accelerated Flight
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I. Introduction

THERE are many researches into the aerodynamics of
lifting surfaces in unsteady motion. Most of these,

however, concern out-of-plane motions at a uniform flight
speed, with few studies for nonuniform flight speeds.1-2'3
These problems have become increasingly more important,
because recent airplanes, such as STOL or supersonic, can
experience considerable acceleration during the take-off climb
or landing approach. More precise estimation of take-off or
landing distance would require some aerodynamic theories for
accelerated flight.

In Ref. 4, a fundamental formulation was made for wings
in nonuniform motion in an inviscid incompressible flow. A
Fourier transform for the in-plane coordinate variables was
used. In Ref. 5, application was made to two-dimensional
airfoils with a sinusoidally pulsating speed. A significant
result was the fact that the difference between unsteady and
quasi-steady lifts is significant, as was also shown by the
previous writers.2 '3 In general, the lift of a wing depends on
the complete history of its motion, and not just on the in-
stantaneous acceleration.

In this paper, we treat the problem of slender wings in
accelerated motion. This problem also is solvable and
represents the low aspect ratio limit of wing theory opposite
that of the two-dimensional problem. An interesting result
has been obtained in that the lift force for slender wings is
shown to depend only on the instantaneous acceleration and
not on the history of its motion. An acceleration
(deceleration) increases (decreases) the lift from that for the
uniform flight speed.

II. General Formulation
In this section, a general formulation is given for the case of

a wing in nonuniform motion (flight speed) in an inviscid
fluid. The analysis employs a moving axes system fixed to the
wing. According to Reissner,6 the unsteady linear equations
of aerodynamics expressed in a moving axes system can be
written as follows:

«/=V« (1)

pf/p = ( £ / + f t x r ) - V0-d</>/d/ (2)

V 2 < f > - ( l / a 2
0 ) [ d / d t - ( U + $ l x r ) ' V ] 2 < t > = 0 (3)

(4)
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Here u- denotes the velocity of a fluid particle relative to
the inertia system (fixed to the earth), the subscript / denotes
disturbances, </> is the velocity potential, r=ix+jy + kz
denotes the position of a fluid particle relative to the moving
axes system, p and p denote pressure and mass density of the
air, respectively, U and ft denote the linear and angular
velocities of the moving axes system relative to the inertia
system, respectively, a0 is the sonic speed in the undisturbed
condition, and / is time. An equation for the wing surfaces
may be written as

FL(x,y,z,t)=FLp-fL=0 (5)

where FLp concerns the fundamental wing surface making no
disturbances,-fL concerns a small out-of-plane displacement,
V stands for id/dx+jd/dy + k d / d z . Equations (1-4) are valid
for subsonic, transonic, and supersonic regions, provided that
the fluid is inviscid and the disturbances are small.

We also make the following three additional assumptions:
1) The wing makes only a straight translation in still air in

the negative-* direction

U=-U(t)i UQ = O Q

2) The wing lies nearly in the xy plane

(6)

(7)

3) The flight velocity U(t) is nonzero and positive. Then
we may replace time, t with the flight distance r, defined as
follows:

(8)

(9)

(10)

(H)

(12)

(13)

r = J U ( t j ) d t }

Thus,

d/dt+ U(t)d/dx = U(T) (d/dx+d/dr)

and Eqs. (1-4) reduce to

!//= V</>

Pi/p= - U(r) (d/dx+d/dr)(j)

V 2 </>= ( l / a 2
0 ) [ U ( t ) (d/dx+d/dT)]2<(>

d(t>/dz= + U(r) (d/dx+d/dr)fL

The governing differential equation, Eq. (12), may be
rewritten in a more explicit form:

(14)

where M0(t)=M0(r) denotes instantaneous flight Mach
number and U' (r) =dU/dr.

Although Eq. (14) is linear in the velocity potential </>, it
contains variable coefficients dependent on r. Hence, we
cannot use the concept of frequency response, and
analytically solvable cases may be rare. Two simple cases
exist, one for two-dimensional airfoils, the other for slender
wings. The latter is discussed in the following sections.

III. Slender Wing in Accelerated Flight
Let us denote lx, ly, and lz as the reference lengths in the

x,y,z directions, assuming ly = lz =/. We also denote tl and TI
as the reference time and flight distance, and assume ry = Utj.
In the special case when the flight speed is simply harmonic in
time with period Tl, we may take t1 = T1. Using the con-


